Abstract. In this note, we study the Ap-A∞ estimate for Calderón-Zygmund operators in terms of the weak A∞ characteristics in spaces of homogeneous type. The weak A∞ class was introduced recently by Anderson, Hytönen and Tapiola. Our estimate is new even in the Euclidean space.
Introduction and Main Results
Let T be a Calderón-Zygmund operator and (w, σ) be a pair of weights. In the Euclidean setting, Hytönen and Lacey [9] proved that if It is well known that (1.1) extends the A 2 theorem, which was first proved by Hytönen [6] , see also in [12] for a simple proof by Lerner, and in [3] , Anderson and Vagharshakyan also gave a proof in the spaces of homogeneous type. Our goal is to extend (1.1) with the weak A ∞ characteristics (which will be introduced below) to the spaces of homogeneous type. Now let us recall some definitions. By a space of homogeneous type (SHT ) we mean an ordered triple (X, ρ, µ), where X is a set, ρ is a quasimetric on X, i.e.,
(1) ρ(x, y) = 0 if and only if x = y; (2) ρ(x, y) = ρ(y, x) for all x, y ∈ X; (3) ρ(x, z) ≤ κ(ρ(x, y) + ρ(y, z)) for some κ ≥ 1 and all x, y, z ∈ X; and µ is a nonnegative Borel measure on X which satisfies the following doubling condition µ(B(x, 2r)) ≤ Dµ(B(x, r)), where B(x, r) := {y ∈ X : ρ(x, y) < r} and the dilation of a ball B := B(x, r) denoted by λB will be understood as B(x, λr). We point out that the doubling property implies that any ball B(x, r) can be covered by at most N := N D,κ balls of radius r/2. Next let us introduce the weak A ∞ class, which was first introduced by Anderson, Hytönen and Tapiola in [2] . For every δ > 1, we say w belongs to δ-weak
where the supremum is taken over all balls B ⊂ X. We collect some properties of this weak A ∞ class and refer the readers to [2] for a proof.
wdµ. Now we are ready to state the main result in this paper. Theorem 1.2. Given p, 1 < p < ∞ and an SHT (X, ρ, µ). Let T be any Calderón-Zygmund operator and (w, σ) be a pair of weights. Then we have and the constant C is independent of the weights (w, σ).
Note that the result is new already in the case that X = R n with Euclidean distance and Lebesgue measure, since the weak A ∞ class is strictly larger than classical A ∞ already in this setting.
Proof of the Main result
In this section, we will give a proof for Theorem 1.2. First, we introduce the bump conditions. By a Young function φ, we mean that φ : [0, ∞) → [0, ∞) is continuous, convex and increasing satisfying φ(0) = 0 and φ(t)/t → ∞ as t → ∞. Recall that the complementary function of φ, denoted byφ, is defined byφ (t) := sup
Given two Young functions Φ, Ψ, define
where the supremum is taken over all balls in X and the Luxemburg norm is defined by
There is a famous problem named the separated bump conjecture, which states that for any Calderón-Zygmund operator T , if
For the so-called log-bumps, namely, when
this conjecture has been verified in [5] in the Euclidean setting and for the spaces of homogeneous type, see [1] . For more about the separated bump conjecture, see [10, 15] and the references therein. In the rest of this paper, by carefully calculating the constants, we will show the following quantitative estimate for the power bumps.
Theorem 2.1. Given p, 1 < p < ∞ and an SHT (X, ρ, µ). Let T be a Calderón-Zygmund operator and (w, σ) is a pair of weights satisfying (2.1) for Φ(t) = t p ′ r and Ψ(t) = t ps , where 1 < r, s < 1 + 2(2κ) log 2 N /α(κ, D). Then we have
Now with Theorem 2.1 we are ready to prove Theorem 1.2.
Proof of Theorem 1.2. In fact, taking
By the reverse Hölder's inequality (1.2), we have
Ap . For Φ(t) = t p ′ r , by definition, we know
And by taking similar value of s we can get the result as desired.
In the rest of this paper, we will focus on the proof of Theorem 2.1. We will reduce the estimates for Calderón-Zygmund operators to the so-called sparse operators. So first let us introduce the following result, which can be found in [7] , see also in [4] . Here we follow the version used in [2] . Theorem 2.2. Let 0 < η < 1 satisfy 96κ 6 η ≤ 1. Then there exists countable sets of points {z N, η) , and a finite number of dyadic systems , by the doubling property we also know that there exists some constant C κ,D such that 
Now for any fixed
Our purpose is to reduce the estimates for Calderón-Zygmund operators to the following so-called sparse operators,
where S ⊂ D is a sparse family in some dyadic system D. In [12] , Lerner gave a nice formula which reduces the norm of Calderón-Zygmund operators to such kind of sparse operators. (In the recent book by Lerner and Nazarov [14] , it has been shown that Calderón-Zygmund operators can be dominated pointwise by the sparse operators.) In [1] , the authors showed that Lerner's formula also holds in spaces of homogeneous type.
Lemma 2.4. Given an SHT (X, ρ, µ) and a Calderón-Zygmund operator T , then for any Banach function space Y ,
where the supremum is taken over every dyadic system D t , t = 1, 2, · · · , K and every sparse family S in D t .
In the rest of this paper, we only need to prove Theorem 2.1 for sparse operators. We follow the strategy of [5] . We further reduce the problem to estimate testing condition. To be precise, we have the following, see [11] for a proof.
Lemma 2.5. For fixed t ∈ {1, 2, · · · , K}, suppose S is a sparse family in
Before we give further estimates, we introduce the following result. In the Euclidean case this is due to Pérez [16] , and in spaces of homogeneous type, see Pérez and Wheeden [17] and Pradolini and Salinas [18] . We give the version used in [1] . Lemma 2.6. Given p, 1 < p < ∞ and an SHT (X, ρ, µ) and a Young function Φ such that Φ ∈ B p , then
where D is some dyadic system in X and
Then by Theorem 2.2 we immediately get
. Now by symmetry we concentrate on the first term of (2.3). We follow the technique introduced in [9] , see also in [5] . For convenience, set f Q = − Q f dµ and denote
Denote by P a 0 the collection of maximal cubes in S a . Now we define P a n := {maximal cubes P ′ ⊂ P ∈ P a n−1 such that P ′ ∈ S a , σ P ′ > 2 σ P }.
Then denote P a := ∪ n P a n . For any P ∈ P a , set S a (P ) := {Q ∈ S a : π(Q) = P }, where π(Q) is the minimal cube in P a which contains Q. We have the following Lemma, which was proved in [9] (see also in [13] ) in the Euclidean setting and it is still valid for the spaces of homogeneous type with no change of the proof. Lemma 2.7. There exists a constant c such that w{x ∈ P : T Sa(P ) (σ) > t σ P } e −ct w(P ), Now we are ready to estimate the first term on the right side of (2.3). We have
.
Set L a j (P ) := x : T Sa(P ) (σ)(x) ∈ [j, j + 1) σ P .
By Lemma 2.7 we have
(j + 1)
P ∈P a σ p P e −cj w(P )
Therefore,
We follow the idea of [5] . Define Φ 0 (t) = t p ′ (r+1)/2 , set γ = 1 2(r+1) . Since r > 1 and it is dominated by some constant that depends only on the structure constant of X, it is easy to check that
